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Abstract. In this paper, wc study n-representation-finitc algebras from the viewpoint of the fractionally 
Calabi-Yau property. We shall show that all n-representation-finite algebras are twisted fractionally 
Calabi-Yau. We also show that for any £ > 0, twisted "^^^ "'^^ -Calabi-Yau algebras of global dimension 
at most n are n-representation-finite. As an application, we give a construction of n-representation-finite 
algebras using the tensor product. 



The Calabi-Yau (CY) property of triangulated categories was introduced by Kontsevich |Ko| (see 
also |Kel| ). It has played important roles in the representation theory of algebras, especially in the 
categorification program of Fomin-Zelevinsky cluster algebras by cluster tilting theory (e.g. |Am[ IBIRSi 
IBMRRTi IGLSli IGLS2I HRl iKel lKe3l IKR] ) . The derived categories of finite dimensional non-semisimple 
algebras are never CY, but they are often fractionally CY. Some recent meetings jBal iBil |Pj |T| as well 
as recent results including P |DE1 lilKJ^Sl HKMl iKgTl lKe2l iLadkl |Lel [M3 [MYl |g suggest that the 
fractionally CY property becomes more and more important in representation theory, singularity theory, 
commutative and non-commutative algebraic geometry. The aim of this short paper is to apply the 
fractionally CY property in the study of n-rcprcscntation-finite algebras defined below. 

There is a natural generalization of the classical notion of representation-finiteness from the viewpoint 
of a higher analogue of Auslander-Reiten theory |Au[ HTl Il3] studied by several authors jEHi IGLSli llOli 
II02llL^lHZTllHZ2llHZ3] . 

Definition 0.1. We say that a finite dimensional algebra A over a field K is n-representation-finite (for 
a positive integer n) if gi. dim A < n and there exists an n-cluster tilting A-module M , i.e. 

addM {XemodAI ExtX(M,X)=:0 for any < i < n}, 

= {X e mod A I ExtX(X, M) = for any < i < n}. 

Clearly 1-cluster tilting A-modulcs arc additive generators of mod A, and so A is 1-representation-finite 
if and only if it is representation-finite and hereditary. The following result [Ml 1.3(b)] plays an important 
role in this paper. 

Proposition 0.2. Let A be an n-representation-finite algebra. Let 

r„ := Tor;^(DA, -) ~ i:»Ext^(-, A) : modA^modA, 

-.^ DToT^^{D-,DK) ~ Y,yii\{DK, -) : modK mod A. 

Let Pi, . . . , Pa be the isoclasses of indecomposable projective K-modules, and let Ii be the indecomposable 
injective A-module corresponding to Pi . 

(a) There exists a permutation a G &a and positive integers ii, . . . ,£a such that r^^^^Ii ~ Pa{i) for 
any i. 

(b) There exists a unique basic n-cluster tilting A-module M, which is given as the direct sum of the 
following mutually non-isomorphic indecomposable A-modules. 

/l, T„/l, t2/i, ••■ T^^-^Ll, r/,l-l/l ~ P^(i) 

I tI t^I ■■■ t'--'^I t'^'^-^I ~P,, 
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(c) We have mutually quasi-inverse equivalences Tn '■ add(A//A) ~ add(A'//DA) andr^ : add(A//Z?A) ~ 
add(M/A). 

Throughout this paper, let K be a field and A a finite dimensional _?C-algebra of finite global dimension. 
All modules are finitely generated left modules unless stated otherwise. The composition fg of morphisms 
(or arrows) means that / is first and g is next. We denote by P = 2?''(modA) the bounded derived 
category of the category mod A of all A-modules. Then the Nakayama functor 

I' = z^A := (DA) |)A - ~ L» o RHomA(-, A) : V ^ V 
gives a Serre functor, i.e. there exists a functorial isomorphism 

Homi,(A:,y) DRomv{Y,iyX) 
for any X,Y E V pll IBK| . For each i^-algebra endomorphism cf) of A, we define an endofunctor of V by 

(/)*:= A^^A- --V ^ V, 

where we denote by A^ the A ®k A°P-module such that the right action is given by a • 6 := a4){h). For 
any x £ Ker0, the morphism A — >■ A, A i— > Ax is mapped to by Thus (jf is an autofunctor if and 
only if (j) is an automorphism. 

Definition 0.3. We say that A is twisted fractionally CY (or twisted ^-CY) if there exists an isomor- 
phism 

~ [m] o (j)* (1) 

of functors for some integers ^ and m and a ii'-algebra endomorphism of A. Then (p must be an 
automorphism since v is an autofunctor. When (j) = id, we say that A is fractionally CY (or y-C^)- 

Notice that (twisted) ^'^Y algebras are also (twisted) ^-CY for any k ^ 0. The converse does not 
hold in general, but the Calabi-Yau dimension is unique as a rational number. 

Acknowledgement The authors would like to thank an anonymous referee for careful reading the 
first draft and helpful comments. The second author was supported by JSPS Grant-in-Aid for Scientific 
Research 21740010 and 60015849. The first author is grateful to JSPS for funding his stay at Nagoya 
University, during which this paper was written. 

1. Main results 

Our first result is the following. 

Theorem 1.1. Let A be a ring-indecomposable n-representation-finite algebra. Then: 

(a) A is twisted fractionally CY. 

(b) More precisely, let a be the number of simple A-modules, and let b be the number of idecomposable 
summands of the basic n-cluster tilting A-module. Then A is twisted -CY for some k > 0. 

Our second result shows that a certain converse of the statement (a) above holds. 

Definition 1.2. We say that an n-represcntation-finite algebra A is £-homogeneous (or simply homoge- 
neous) if £ := £i = ■ ■ ■ = £a holds in the notation of Proposition 10.21 In this case, we have - = £ for a 
and b in Theorem II. If b). 

Theorem 1.3. For a finite dimensional algebra A and a positive integer £, the following conditions are 
equivalent. 

(a) A is £-homogeneous n-representation-finite. 

(b) A is twisted "^^^ """^ -CY and gl. dim A < n. 
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A typical example is given by tubular algebras of type (2, 2, 2, 2) [R] for the case n ~ i = 2. They are 
known to be |-CY [LM| . and also to be 2-representation- finite |I02| . 

Let us apply these results to construct ?i-representation- finite algebras using the tensor product. The 
next observation shows that fractionally CY algebras behave nicely under the tensor product, where we 
denote by (g). The requirement on the field K to be perfect is needed to guarantee that the tensor 
product of two finite dimensional X-algebras of finite global dimension is still of finite global dimension. 

Proposition 1.4. Let K be a perfect field. If Ai is y^-CY (respectively, twisted ^^-CY), then Ai®- ■ -(^Ak 

is Y~CY (respectively, twisted ^-CY) for the least common multiple i of £i, . . . , ik and m :~ ^(-j^ + 

. . . -I- Slk') 
^ Ik >■ 

As an easy consequence, we have the following useful result. 

Corollary 1.5. Let K be a perfect field and i a positive integer. If Ai is £-homogeneous ni-representation- 
finite, then Ai (g) • • • (8) Afc is an i-homogeneous (ni + ■■• + Uk) -representation- finite algebra with an 
{ni + ■ ■ ■ + nk)-cluster tilting module ®\Zo{'^ni^i ® ■ ■ ■ ® r^^Afe). 

Notice that the statement is not true if we drop the assmption of ^-homogeneity (see Remark ll.6f a)). 

The relationship between n-representation-finiteness and the factionally CY property is summarized 
in the following diagram: 



^-homogeneous n- representation-finite 



Thin. 1.3 



n-representation- finite 



twisted 



Thm.l.l 



-CY of global dimension at most n 



twisted fractionally CY 



:?Rcm. 1 . 6 (b) 
X Rem. 1 .6(a)■■■■■■:::::;:::::■■■-:::::^ 



?Rem. 1.6(b) 



fractionally CY 



Remark 1.6. (a) Let A := K[» •]®iir[» — j- •]. Then A is fractionally CY, but not n-representation- 
finite for any n. Moreover A is derived equivalent to the path algebras of type D4, which are 
1-representation-finitc. In particular we have the following conclusions. 

• There exist fractionally CY algebras which are not n-representation-finite for any n. 

• n-representation-finiteness is not preserved under derived equivalence. 

• n-representation-finiteness is not preserved under the tensor product. 

(b) Although we already know that every n-representation-finite algebra is twisted fractionally CY, 
we do not know the answer to the following question. 

• Is every n-representation-finite algebra fractionally CY? 
Also we do not know the answer to the following related question. 

• Is every twisted fractionally CY algebra fractionally CY? 

This is equivalent to that in ([Ij has a finite order in the outer automorphism group of A. 

(c) Since the Serre functor is unique up to isomorphism, the fractionally CY property is invariant 
under derived equivalence. However, we do not know the answer to the following question. 

• Are twisted fractionally CY algebras closed under derived equvalence? 

If we fix the CY dimension, then the answer is negative. For example [• ^ • ^ •] is twisted 
^-CY, but K[» —!■•—>•] is not (see section 3.1). 



We end this section by an observation on cndomorphism algebras F :~ EndA(A/) of n-clustcr tilting 
A- modules M. They are called n-Auslander algebras, and satisfies gl. dimF < n -I- 1 < dom. dimF [l2] . 
We have the following descrption of F when A is ^-homogeneous n-representation-finite. 
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Proposition 1.7. //A in an £-homogeneous n-representation-finite algebra, then the n-Auslander algebra 
of A is described as 

f K T ■■■ T®'^*^"^) y®A(^-i) \ 
A • • ■ y»A(^-2) 





V 



A 




T 
A 



for the A ® A°P-module T Ext^(i:>A, A). 

By Corollarv ll.5[ the (rii + • ■ • + rife)- Auslandcr algebra of Ai 
tensor product' 

/ Ai ® Afe 



) Afe is given by tire 'component-wise 



Vi(«-2) 



Ai®---®Afc ••• T^^'^^ ^^®---®r, 



)Ai(f-l) 

)Ai(f-2) 



V 



Ai 



® Afe 



Ti lo- - - ■ j-fc I 
Ai (g) ■ • • (g) Afe / 

of the rii-Auslander algebras. This is interesting since in general the tensor product of higher Auslander 
algebras is not a higher Auslander algebra again. 

2. Homogeneity and (n + 1)-preprojective algebras 

In this section, we further study the homogeneity of 7i-representation-finite algebras. 

The following result gives a useful criterion for ji-representation-finite algebras to be homogeneous. 

Proposition 2.1. Let Abe a ring-indecomposable n-representation-finite algebra. Then A is homogeneous 
if and only if — £„(^i) holds for any i. 

We put 

For an arbitrary n-representation-finite algebra A, we denote by 

n:=0Homp(A,!.-'A) 
iez 

the corresponding (n + 1) -preprojective algebra. This is a positively graded iiT-algebra, and the multipli- 
cation of / G Homx)(A, A) and g G Homx)(A, h'^^ A) is given by 

f-9 

Then 11 can be viewed as the tensor algebra over A of the bimodule Ext^(£'A, A) jlOll 2.12]. Notice that 
n is the cohomology in degree zero of the DG algebra defined in |Ke3j . It is shown in |I02| that 11 is a 
finite dimensional selfinjective algebra. 

A Nakayama automorphism if) oi H is an automorphism which gives an isomorphism DII ~ 11^ of 
n (g) n°P-modules. This is uniquely determined as an element of the outer automorphism group of 11. 
Moreover 

-0* = (g)n - ~ [Dli] ®Yi - ~D IIomn(-, n) : mod 11 mod 11 
gives the Nakayama functor. 

The next result gives the relationship between ij) and a. Notice that the isoclasses of indecomposable 
projective Il-modules are give by 11 (^a for 1 < i < a. 

Proposition 2.2. Let ^ be a Nakayama automorphism of IV, and let a be as in Provosition 1 0. SI Then 
we have 'ijj*{Tl (E>a Pi) — II ^A Pa{i) for any i. In particular a gives the Nakayama permutation of 11. 

The following main result in this section characterizes homogeneity of n-representation-finite algebras 
in terms of the corresponding (n + 1) -preprojective algebras. 

Theorem 2.3. Let ip be a Nakayama automorphism ofYi, and let I be the ideal o/II such that A = II/J. 
Then A is homogeneous if and only ifip(I) = I. 



'Ak 



n-REPRESENTATION-FINITE ALGEBRAS AND TWISTED FRACTIONALLY CALABI-YAU ALGEBRAS 



5 



When A is homogeneous, we can interpret a Nakayama automorphism of 11 as foUows: By Theorem 
11.31 there exists a if-algebra automorphism (j) oi A such that i^^ ~ [n{£ — 1)] o cj)* for some £ > 1. 

Proposition 2.4. Assume that A is homogeneous. Then the automorphism (f) of A extends to a graded 
K -algebra automorphism (jjofH which is a Nakayama automorphism. 



3. Examples 

3.1. Path algebras. Let us consider Dynkin diagrams: 



An 



Er 



1 



Dn 1 — 2 — 3 — 

4 
I 

Eg 1 — 2 — 3 — 5 — 6 



■ n 



■ n 



n 
I 

■ n — 2 — n 



Ek 



1 



■6 — 7 



The Coxeter number h of each Dynkin diagram is given as foUows: 



An 


Dn 


Eg 


Er 


Es 


n+ 1 


2{n-l) 


12 


18 


30 



The foUowing proposition is weh- known jMY[ 4.1]. 



Proposition 3.1. Let Q be an acyclic quiver. Then KQ is (twisted) fractionally CY if and only if Q 

h 



is a Dynkin quiver. In this case, KQ is ^^-r-^-CY, and if Q is Dn with even n, Ej or Eg, then KQ is 



^-CY. 

2 

We define an involution uj of each Dynkin diagram as foUows: 

• For An, we put a;(i) = n + 1 — i. 

• For Dn with odd n, we put uj(n — 1) = n. = n — 1 and a;(i) = i for other i. 

• For Eg, we put uj{l) = 6, w(2) = 5, w(5) ~ 2, a;(6) ~ 1 and Lj{i) ~ i for other i. 

• For other types, we put u — id. 

Proposition 3.2. Let Q be an acyclic quiver. 

(a) The following conditions are equivalent. 

(i) KQ is i-homogeneous 1-representation-finite for some i. 

(ii) Q is a Dynkin quiver and the orientation is stable under u!. 

(b) // the conditions in (a) are satisfied, then £ = ^ and KQ is twisted - 

2 

induced by lo. In particular, if uj ~ id, then KQ is -\ — CY. 

(c) The underlying diagrams of uj-stable Dynkin quivers are classified by £ as follows. 



-CY and the twist is 



e 


£ (t^ 6,9,15) 


6 


9 


15 


Q 


^2^-1, £'^+1 


^11,-07,-^6 


^17, -Dio, Et 


^29, -Die, Es 



Proof, (a) This follows from Gabriel's description of Auslander-Reiten quivers of KQ [G] . 
(b) The equality ^ = -I is well-known [G] , and the latter assertion follows from Theorem 11.31 



□ 
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By Corollarv ll.51 for any choice of homogeneous algebras Ai, . . . , Afc which belong to the same column 
in the table in (c) above, we have an ^-homogeneous fc-representation- finite algebra Ai • • • Afc. 
As one of the simplest examples, we have the following 2-representation-finite algebras. 



3.2. n-representation-finite algebras of type A. We give a different class of examples of £- homogeneous 
n-representation-finite algebras based on results in |I01j . Fix positive integers n and s. We define the 
quiver Q Q^"'''*) with the set Qo of vertices and the set Qi of arrows by 

ri+l 

Qo := {x = ixi,X2, ■ . ■,Xn+i) e Z"+^ I y^^Xj = s - 1}, 

i=l 

Qi ■■= {x ^ X + f, \ I <i <n + l, x,x + e Qo} 

i i+1 1 n+1 

where fi denotes the vector fi (0, . . . , 0, —1, 1 , 0, . . . , 0) for 1 < i < n and fn+i (l, 0, . . . , 0, — 1 ). 
Example 3.3. Q^^'^\ Q^'^'^^ and Q^^^^^ are the following quivers. 

40 5 31 5 22 5 13 5 04 030 0200 

120 021 1100 0110 

210 111 ^ 012 2000 \l010/ 0020 

XXXXXX \ \ ){ 

300 ^ 201 102 -« 003 \ /oiOl\ 

\ X\ 
1001 0011 

\/ 

0002 

We define the A'-algebra F = f'"'*' ;= KQ/I^ where / is the ideal defined by the following relations: 
For any x G Qo a-nd 1 < i, j < n + 1 satisfying x + fi, x + fi + fj G Qoj 

(x 4 .T + /, 4 x + .A + /,) = 1 ix^x + fj^x + f, + fj) if X + /, e Qo, 

1 otherwise. 

We call a subset C of Qi a cut if it contains exactly one arrow from each cycle of length n + 1 in Q. In 
this case, we define a ii'-algebra by 

Ac :=r/(C), 

for the ideal (C) of F generated by the arrows in C . A main result in |I01j is the following. (Notice that 
the assumption in |I01j that K is algebraically closed is not necessary.) 

Proposition 3.4. For any cut C of Q, the algebra Ac is an n-representation-finite algebra with the 
{n + 1) -preprojective algebra F. 

It is natural to ask when Ac is homogeneous. To answer this question we introduce the automorphism 
w of Q defined by 

uj{xi,X2, ■ . . ,x„+i) := (.T„+i,a:i, . . . ,.t„). 
We leave the proof of the following statement to the reader. 

Theorem 3.5. The quiver morphism lo induces a Nakayama automorphism o/F. 

Proof. For each x = (xi,X2, ■ ■ ■ ,Xn+i) G Z"+^ we adopt the convention Xi^n+i = Xi. Now let x G Qo 
and 1 < i < n + 1 such that x + /i G Qo. Then uj{x + fi) = uj{x) + G Qo and 

uj{x A X + /,) = uj{x) uj{x) + 
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Now assume x + fi + fj £ Qo- Then 

uj{x A .T + /j A a; + fi + fj) = Lo{x) lo{x) + /j+i lo{x) + + fj+i. 

Since x + fj ^ Qq if and only if uj{x) + fj+i G Qo it follow that w induces an automorphism on T. 

The relations defining / are only commutativity and zero relations. Thus the set B of non-zero residue 
classes p + I ^ / of paths p in Q forms a basis of F. Since F is finite dimensional, DT has basis 
DB := {b*\b G B} dual to B. We proceed to show that there is a bijection 

(t>: DB c^B 

that extends to a bimodule isomorphism DT ~ F^ . 
Define the quiver Q by 

n+l 

Qi := {x ^ X + f, \ 1 <i <n + 1}. 

Hence Q is the full subquiver of Q with vertecies {a; G Qo I > for all 1 < i < n + 1}. Let / be the 
ideal in KQ defined by the relations 

{x^x + f,^x + f, + fj) = (x^x + f,Ax + f, + fj) 

and set F = KQ/ 1. We have a canonical surjcctive ring morphism tt : F — >■ F with kernel 

K = re.F, 

where Cz denotes the path of length at z. Since / is defined by commutativity relations, the residue 
classes of paths form a basis of F. Moreover, the residue classes of paths that are not in K are mapped 
bijectively to B by tt. 

We define a Z"+^-grading g on F by {g{x A cc + fi))j = Sij. It is well-defined since the defining 
relations of / are homogeneous. For paths p, p' in Q we write p = p' ii and only if p — p' G /. Let p be a 
path from x to y of degree d. Then y ~ x = difi. In fact p = Px.d,y, where 

1 1 , J, 2 2 , 1 r , 1 r 3 n , J, n+l n+l 

PxA,y ^ X ^ > X + di/i ■■■ ^ X + di/i + d2./2 ^ ' ' ' ^ 2/ - dn+lJf+1 ■■■ ^ y. 

In particular, p -|- / is determined by d together with either x or y. Moreover, for each path p' from x to 
z, there is a path q from z to y such that p = p'q if and only if g{p')i < di for all 1 < i < n + 1 (take 

q=Pz,d-g{p'),y)- 

Observe that p + / G A' if and only if there are paths p' from x to z and q from z to y such that p = p'q 
and z ^ Qq. By the above observation this is equivalent to that there is a G Z"^^ such that aj < dj for 
each I < j < n + 1 and x + o-ifi ^ Qo- This holds if and only if there is 1 < j < + 1 such that 
Xj < dj (take a; — Sijdj). 

We conclude that for every path p in Q from x to z such that p + 1 ^ I there is a path g in Q from z 
to some vertex y such that g{pq) = x. In particular, pq + 1 ^ I and 

y = x + Yx^f^. 

i 

Thus 

Vj = - + Xj~i = Xj~i = 
Moreover, q-\- 1 is determined by p since g{q) = x — g{p). Similarly, for each path q in Q from z to lli{x) 
such that q ^ I there is a path p in Q from x to z, unique up to = such that g{pq) = x. We define the 
bijection : DB 2± B by (t>{{p + /)*) = q + I, where p is a path from a; to z and g is a path from z such 
that g{pq) = .T. It induces a linear bijection 

: ^ F^. 
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We proceed to show that (/) is a bimodule isomorphism, thus completing the proof. 
First consider the following configuration of paths in Q. 

X ^ U}{X) ^ U}[y) 

Then 

g{p'bquj{a)) - g{ap'bq) = g{uj{a)) - g{a) = ^ g{a),,h = y~x. 

i 

In particular, g{ap'bq) = x if and only if g{p'bquj{a)) — y, or cquivalently (j){{ap'b + /)*) = g + / if and 
only if </>((p' + /)*)= 6(?w(a) + /. 

Now fix paths a, /3, p from x to u; and q from w to uj{x) such that g{pq) = x. Set b = (p + I) so 
that 4>(b*) = q + I. We claim that there is p' such that p = ap'p if and only if [3quj{a) ^ I. If such p' 
exists then g{ap' Pq) — x and by our observation g{p' l3qio{a)) ~ y. This implies PqLu{a) ^ /. On the 
other hand, if (3qio{a) ^ /, then there is p' such that g{p' PqLu{a)) = y and g{ap' jSq) = x which implies 
ap'/3 = p. 

If there is a p' satisfying p = ap' (3, then by the bimodule structure on DT, we have /?6*a = {p' + /)*. 
Otherwise (3b*a = 0. In either case (j){(3b*a) = /3qijj{a) + I = (34'{b*)a by the above observations. □ 

We have the following characterization. 

Theorem 3.6. Let C he an admissible set of Q. Then the n-representation- finite algebra Ac is homoge- 
neous if and only if uj{C) = C. In this case, we have £ = + 1. 

Proof. The first assertion follows from Theorems 12.31 and 13.51 To show the second assertion we apply 
Theorem 11.1 f a). We know that a is equal to the number {'^~^^~^) of vertices of the quiver Q^"'*), and b 
is equal to the number (1+1) of vertices of the quiver g("+i'") by [11 6.12]. Thus i = ^ = □ 

For the case n = I, this result gives the characterization of type As quivers given in Proposition 13.21 
For the case n = 2 and s = 4, there are the following five 2-homogeneous 2-representation-finite 
algebras 

• • • • • 

• • • • • -<— • • • • -<— • 

/ H / \ / \ ^ H / \ / \ ^ H H / H H 

• -S— • -S— • • -S— • • • -s^ • • • • • • • -S— • 

/ / \ / H / H / X / \ H H / H / H / \ ^ \ H / \ / \ 

4. Proof of our results 

Recall that A is a finite dimensonal i^T- algebra of finite global dimension and V = 2?'^ (mod A) is the 
bounded derived category of mod A. 
We need the following observation. 

Lemma 4.1. For a A(g) -module X , the following conditions are equivalent. 

(a) X 2± A as A-modules. 

(b) X 2± A^ as A -modules for some K -algebra endomorphism (j) of K. 

Proof. (b)=^'(a) This is clear. 

(a)^(b) Fix an isomorphism / G HomA(Ar, A). For each A G A, the right multiplication (-A) G 
EndA(A') gives an endomorphism /^^ • (-A) • / G EndA(A). This is given by the right multiplication of 
an clement 4'{\) G A. Then (j) gives the desired iiT-algebra endomorphism of A. □ 

We need the following observation. 

Lemma 4.2. Let X G 23''(mod A ® A°p). 

(a) The following conditions are equivalent. 

(i) X ~ A in P''(modA). 

(ii) X ~ A^ in 2?''(mod A ® A°p) for some K-algebra endomorphism (p of A. 
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(b) The following conditions are equivalent. 

(i) There exists an isomorphism f : A ^ X in 2?'^ (mod A) which commutes with the right action 
of A. 

(ii) X ^A in P'"(mod A (g) A°p). 

Proof, (a) The condition (i) is equivalent to the following one: 

• H'{X) = for any i 7^ and H°{X) ~ A as A-modules. 

In view of Lemma 14.11 this is equivalent to the following condition: 

• W{X) = for any i ^ and H^{X) ~ A^ as A® A°P-modules for some /C-algebra endomorphism 
of A. 

This is equivalent to the condition (ii). 

(b) The condition (i) is equivalent to the following one: 

• W{X) = for any i 7^ and H^{X) ~ A as A ® A°P-modulcs. 

This is equivalent to the condition (ii). □ 

Let us show the following characterization of (twisted) fractionally CY property. 

Proposition 4.3. Let A be a finite dimensional K-algebra of finite global dimension. 

(a) The following conditions are equivalent. 

(i) A is twisted f-CY. 

(ii) :^^A~A[to] mP''(modA). 

(iii) There exists an isomorphism (DA)®'^^ ~ A[m] in I?'^(mod A). 

(b) The following conditions are equivalent. 

(i) A is f-CY. 

(ii) ~ [to] as functors on I?'' (mod A). 

L 

(iii) There exists an isomorphism (_DA)®^'' ~ A[to] in P'^(mod A A°p). 

L 

Proof, (a) By definition (ii) is equivalent to (iii). Since A^ (g)A A[to] ~ A[m], (i) implies (ii). 

L 

If (iii) holds, then (DA)^'^^ ~ A0[to] in I?^(mod A (g) A°p) for some A'-algebra endomorphism </i of A 
by Lemma IT^ a). Thus we have ly^ = [to] o </>* , and (i) holds. 

(b) By definition (i) is equivalent to (ii). Since ly = [DA)'^'^ Oa — and [to] ~ A[to] — , (iii) implies 

L 

(ii). Finally, if (ii) holds, then there exists an isomorphism / : (_DA)®'^^ — > A[m] in 2?'^(modA) which 
commutes with the right action of A. By Lemma l4?2T b) . we have that (iii) holds. □ 

We need the following observations. 

Lemma 4.4. (a) Let A be a finite dimensional K-algebra with gl. dim A < n and X G mod A. Then: 

• T„X ~ z^„ A" if and only if Fixt\{X, A) = for any i ^ n. 

• Lf X is indecomposable non-projective and satisfies ExtA(A', A) = for any < i < n, then 
we have HomA(A", A) — and TnX ~ i^n X . 

• X ~ ly^^ X if and only if ExtA(Z?A, X) ~ for any i n. 

• Lf X is indecomposable non-injective and satisfies ExtA(I?A, AT) = for any < i < n, then 
we have IIomA(£'A, X) = and t~ X ~ v~'^ X . 

(b) Let A be an n-representation-finite algebra and M an n-cluster tilting A-module. Then we have 

TnX~VnX and IIomA(Ar, A) = [respectively, X ~ v^^ X and IIomA(£'A, X) = 0) 

for any X G addil/ without non-zero projective (respectively, injective) direct summands. 

(c) Let A be a finite dimensional Li -algebra. For any K-algebra automorphism (j) of A, we have an 
isomorphism <j)* v ~ v (jf of autofunctors ofT>. 



10 



MARTIN HERSCHEND AND OSAMU lYAMA 



Proof, (a) The first and the third assertions are clear. For the remaining assertions, see [Ml 2.3(b)]. 

(b) This is immediate from (a) and the definition of n-cluster tilting modules. 

(c) There exist isomorphisms 

0A (DA) ~ 0-1 (DA) ~ D{A^-i) ~ D{^A) ~ (DA)^ :^ (DA) ®a A^ 

L L 

of A (X) A°P-modules. This gives an isomorphism A^ ®a{DA) ~ (DA) ®a A^ in 23'' (mod A A°p). Thus 
we have the desired isomorphism. □ 



4.1. Proof of Theorem 11.11 We use the notation in Proposition 10.21 By Lemma |43tb) , we have 
for any 1 < i < a. In particular, we have 

for any 1 < z < a. Wc take c > such that a'^ — id, and let 

rui := li + £a{i) H h^cr=-i(i)- 

Then one can easily check that 

i^™'P, ~P4n(m,-c)] 

for any 1 < i < a. 

(a) By Proposition 14. Sf a). we only have to check mi = • • • = nia- Since A is ring- indecomposable, it 
is enough to check that nii = nij holds if HomA(Pi, Pj) ^ 0. In this case, we have 

^ Homi,(i/'"'"^ Pi^iy""^"^^ Pj) = YloTCLv{Pi[n{mi-c)mj\,Pj[n{mj-c)mi]) = Homp(Pj, P,[nc(TOj-m,)]). 

Thus we have ncirrij ~ mi) ~ and — rrij. 

(b) We have shown that A is twisted I}dlILz£l_(jY for m := mi = ■ • ■ = m^. Since 

c ac a a 



m mi + • • • + ma ii + ■ ■ ■ + b 
we have the assertion. □ 

4.2. Proof of Theorem II. 3L (a)^(b) By Lemma OT b) . we have 

,^tHDA)^rtHDA)^A. 

Thus we have 

zy^A~z^^^i(i)A) ~ A[n(^-1)]. 

The assertion follows from Proposition 14. 3f a). 

(b)=>(a) We need the following resuhs [lUl 3.1] and [H 5.4(a)]. 

Proposition 4.5. Let A be a finite dimensional K -algebra with gl. dim A < n. 

(a) Let U := addjt'^j A | j £ Z} C P. Then A is n-representation-finite if and only if DA G U. 

(b) Let (V^°,V^°) be the standard t-structure ofV. Then C X>-° and J^~^X>-° C 

Since A ~ A[n{l — 1)], we have v'^-^'^{DA) ~ A, which implies DA e U. By Proposition I4.5f a). we 
have that A is 7i-representation-finite. On the other hand, we have 

A ~ vl^-^-\DA) e P^" n = mod A 

for any < i < ^ by Proposition I4.5f b'). By Lemma S^a), we have t^~^{DA) ~ iy^~'^{DA) ~ A. Thus 
A is ^-homogeneous. □ 
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4.3. Proof of Proposition [T74l and Corollary 11.51 We shall prove Proposition 11.41 

Since K is a perfect field, Ai ® • • • O has finite global dimension. We prove the assertion for twisted 

fractionally CY property. One can show the assertion for fractionally CY property similarly by using 

Proposition 14. Bf b) instead of (a). 

By Proposition 14. 3r a). we have an isomorphism 

in T>^{modAi). Thus we have 

(£)(Ai «) • • • (g) Afe))®^i«-«^'= ^ ~ (DAi)®^! ^ ® • • • pAfe)^^'' ^ 



Ai 



imi 



Afc 



(Ai (g) • • • Afc) 



mi TOfe 

h 4 



in X'''(mod Ai ® • • • (g) A^). By Proposition 14. 3f a). we have the assertion. □ 
We shall prove Corollary 11.51 

First of all, note that Ai g) • ■ • (g A^ has global dimension at most ni + ■ ■ ■ + Uk since if is a perfect 
field. By Theorem 1 1 .3f a) fb) . we have that A^ is twisted "'^^""'"•' -CY. By Proposition [T^l we have that 
Ai (g • • • (g Afc is twisted ("i+---+^"fc)(^-i) _CY. By Theorem \L2lh)=>{&), we have that Ai (g ■ • • g) A^ is 
^-homogeneous (ni + • ■ • + nfc)-representation-finite. 

The second statement is clear from Proposition 10.21 since we have 



Tni + ---+nk{^l ® • • • ® Xk) = (t„iXi) g) • • • g) (T„^^Xfe) 

for any Xi G modAi. □ 
We end this section by giving another proof of Corollary 11.51 



Since A^ is ^-homogeneous ni-representation-finite, we have DAi ~ i^nf-^i Thus we have 

D{Ai ® • • • g) Afe) ~ DAi g) ■ • • g) DAk ~ v'^^Ai ® • • • » ly-^Ak ~ (Ai g) ■ • • g) A^). 

Thus Ai g) • • • g) Afc is {rii + • ■ • + 7iA;)-representation-finite by Proposition 14. 5f a). □ 

4.4. Proof of Proposition ll.7[ We have M = ©^Zq t^^^A by Proposition 10.21 We have 



HomA(r„*A,T„^A) 



Prop^Ej/ HomA(r-(-^'A, A) 



« > J, 

HomA(A, T,7^^"'^A) ~ tJ-»A i < j. 



Since we have t'^A ~ v'^ A ~ T®^^ for < i < £ by Lemma OTb) and [lOTJ 2.12], we have the 
assertion. □ 

4.5. Proof of results in Section [2j Our Proposition 12. II is an immediate consequence of the following 
observation. 

Lemma 4.6. Assume HomA(-Pi, -Pj) ^ 0, or equivalently HomA(/i,/j) 7^ 0. Then we have £i < £j and 

4-i(i) > 4-i(i)- 



Proof. If £i > ij, then by Theorem 10.21 we have 

^ HomA(/», Ij) - HomA(T^^-i/», P,(,)) 

by applying r,^^ ^. By Lemma l4.4f b). the right hand side is zero, a contradiction. Thus we have £i < ij. 

If £cr-^{i) < ^cr-i(j)j then we have 

^ HomA(P,;,P,) ~ HomA (4-1(0, T„"^^""''"^'V,) 
by applying t„ ' " \ By Lemma l4.4f b). the right hand side is zero, a contradiction. □ 
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Next we give a proof of Proposition 12.21 
We have 

D Homp [vi P,,K):^ Honip {K,yuiP,)c^ Homp (A, I, ) ^ Honii, (A, u^-'- P,(,) ) . (2) 
Since we have functorial isomorphisms 

n®A- ~0Homp(A,i/,J,-) 
Homn(n ®A-,n) ~0HompK-,A) 

on add A, we have 

V'*(n 0aP,) i0^Homi,(i^;^P,,A) i0Homp(A,z/;^-^-P,(,)) ~ n®AP,(,). 
jez jez 

□ 

Now we give a proof of Proposition [531 

We always identify 0*A with A by the isomorphism (/)*A = A^ (8)a A9A®7i->A-(/)7SA. 

(i) First we define a if-hnear automorphism ^ of 11 by using the action of the autofunctor 0* of V on 
Homi,(A,i'-' A). 

By Lemma r4.4f c). wc have cLii isoniorpliisni p \ ^ — ¥ 4>* of autofunctors of V. For any i > 0, 

we define an isomorphism : 0* — )■ z^"' 0* of autofunctors of P by p° = id^. and 

:= (r ly-^ v-^ r u^-^ — ^ ^ 1^1-' 4>* v-^ i.-* 0*). 

Clearly we have 

for any i,j > 0. For any / £ Hom-p(A, 1^,7' A), define 0/ G Hom-p(A, i^:^^ A) by 

0/ := (A = 0*A ^ r A ^ i^-' 0*A = i^-' A). 

Clearly the restriction of (/) to A coincides with cj). 

(ii) Next we show that is a A'-algebra automorphism of 11. 

Fix / G Homx)(A, A) and g G Homx)(A, fc'""' A). Since is an isomorphism of functors, we have a 
commutative diagram 



mod A mod 11, 
mod A modn°P 



(3) 

(4) 



(6) 
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Now we have 



= (A = 0* A ^ 0* ly-' A ^ ly-' (P*A ' 4>* y-^ A = 

v-^ 4,* v-i A 4>*K - i^---'- A) 



(A = 0* A ^ 0* i^-' A 0* i^,-'-^ A v-^ r v-^ A - 



-i ,* ..-1 A "'"'''a 



A ^.-^-^ ^*A = i^-*-^ A) 

i (A = 0*A il^^^^ ^* A 0*A = A) 

(iii) Since i^^ ~ [n{£ - 1)] o 0*, we have 

^o^t^^r. (7) 

By Scrrc duahty, wo have isomorphisms 

£)Homi,(A,z^-*A) - Homp(i^-* A, A) ~ Homp(A,i^<A) 1 Homi,(A, 0* i^^+i"^ A). (8) 
Thus we have an isomorphism 



Z?n = 0i?Homi,(A,i^-*A) i0Homp(A,0*i^-'A) =: iV (9) 
iez iez 
of n ® n°P-modules, where 11 acts on N from the left in a usual way, and from the right by 

/ • .9 = (A 4 0* u-^ A r v-^-^ A) (10) 

for any / G Hom-D(A, 0* v'^ A) C N and g e Hom-D(A, t'^-'' A) C H. Let 

7 : = Homp(A, 0* j^,;* A) ^ = Homi,(A, i^"' A), (11) 
iez iez 
be a if-linear isomorphism given by 

7/ (A U r A ^ z.-^ 0* A = t^"^ A) 

for any / G Homu(A, 0* ^",7' A). Then 7 is an isomorphism of n(8)n°P-modules by the following equalities 
for any / G Hom-D(A, 0* 1^,7* A) C and g G Hom-D(A, 1^,7^ A) C H. 

7/ -05 = {Al,d^*v-^A^v~'^4*A^^^^v-^<p*v-=A'^^y;:-^^ 

i (A A 0* A ^^1^ 0* z.„--^- A r A 0*A = A) 

i (A A 0* i^,-' A ^^1^ 0* i.-'-^" A ^ j.--^" 0*A = i.-'-^" A) 

= lU-g)- 

Combining ^ and pip , we have an isomorphism Dli ~ of 11 (g) n°P-modules. Thus we have that (j) 
is a Nakayama automorphism of 11. □ 

Finally we give a proof of Theorem 12.31 

Assume that A is ^-homogeneous. By Proposition 12.41 the if- automorphism of A extends to a 
Nakayama automorphism (jj of 11, which satisfies 4>{I) = I. Since and 1/' coincide in the outer automor- 
phism group of n, we have ip{I) = I- 

Assume ^(/) = /. Then i/j induces a if-algebra automorphism t/j\\ of A. By Proposition 12.21 we have 
-iplXiPi) ~ Pa(i) and ipllih) ~ by LemmaS^c). Since we have ipHirlh) = Tiip\l{Ii) = t^I^^^ for 
any j by Lemma H^ c). we have £i = icr{i)- By Proposition l2.11 we have that A is homogeneous. □ 
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